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INSTABILITY OF ISOLATED SPECTRUM FOR
W-SHAPED MAPS
ZHENYANG LI AND PAWE L GO´RA
Abstract. In this note we consider W -shaped map W0 =Ws1,s2
with 1
s1
+ 1
s2
= 1 and show that eigenvalue 1 is not stable. We do
this in a constructive way. For each perturbing map Wa we show
the existence of the “second” eigenvalue λa, such that λa → 1, as
a→ 0, which proves instability of isolated spectrum of W0. At the
same time, the existence of second eigenvalues close to 1 causes
the maps Wa behave in a metastable way. They have two almost
invariant sets and the system spends long periods of consecutive
iterations in each of them with infrequent jumps from one to the
other.
1. Introduction
One of the most important problems in the theory of dynamical
systems is their stability and possible instability. In particular, in
the theory of piecewise expanding maps of interval, it is interesting
whether the given system has a stable absolutely continuous invari-
ant measure (acim), and more generally, if the isolated spectrum of
Perron-Frobenius operator is stable under small perturbations of the
map. For a general introduction to the theory of piecewise expanding
one-dimensional maps we refer the reader to [1]. Most relevant to the
stability problems are papers [5] and [6].
In general, the setting of the stability problem we are interested
in is as follows: Let τ0 be a piecewise expanding map of an interval
with unique acim µ0 and {τa}a>0 a family of its perturbations with
acims µa, correspondingly. If maps τa converge to τ0 (say, in Skorokhod
metric), do their acims converge (say, in ∗-weak topology) to µ0? Or
more generally, do the isolated spectra of Pτa converge to the isolated
spectrum of Pτ0 , including multiplicities and eigenfunctions? Pτ is
the Perron-Frobenius operator induced by τ on the space of functions
Date: November 21, 2018.
2000 Mathematics Subject Classification. Primary 37A10, 37A05, 37E05.
Key words and phrases. piecewise expanding maps, Frobenius-Perron operator,
Markov maps, W-shaped maps, second eigenvalue, stability, metastable behaviour.
The research of the authors was supported by NSERC grants.
1
2 ZHENYANG LI AND PAWE L GO´RA
of bounded variation and by isolated spectrum we mean the part of
the spectrum which lies outside the essential spectral radius. Papers
[5] and [6] show that such stability takes place if the family {τa}a≥0
satisfies Lasota-Yorke inequality ([7] or [2] for strengthened form) with
uniform constants. Usual conditions ensuring this are |τ ′a| > 2 + ε
plus the minimal length of subintervals of defining partitions uniformly
separated from 0.
One of the known sources of instability is the presence of turning
fixed or periodic point touching a map branch with slope 2 or smaller.
The famous example is theW -shaped map introduced in [5]. Because of
the turning fixed point we cannot use an iterate of the map to increase
the minimal slope. It causes appearance of arbitrary short partition
intervals in perturbed maps.
Recently the interest inW -shaped maps increased. We will introduce
them in more detail. The Ws1,s2 map is a piecewise linear map of
the interval [0, 1] onto itself with a graph in the shape of letter W.
The first and the third branch are decreasing, the second and the last
increasing. The first and the last branches are onto and with relatively
large slopes (usually around -4 and 4). The second branch has slope
s1 and the third has slope −s2 and 1/2 is the point where they meet.
Ws1,s2(1/2) = 1/2 so 1/2 is the turning fixed point. The original W -
map of [5] is of W2,2 type and it was proved there that its acim is
unstable under some family of localized perturbations. In [3] a family of
non-local Markov perturbations was constructed which also caused the
instability of acim of W2,2. By non-local we mean that each perturbed
map is exact on the whole [0, 1]. This result has been generalized in
[8] where a whole continuous family of perturbations was constructed
with the same effect. More general situation was considered in [9]. The
perturbations similar to that of [8] were considered. It was shown there
that depending on whether 1
s1
+ 1
s2
is larger, equal or smaller than 1 the
limit of µa’s is Dirac measure δ1/2, or a combination of δ1/2 and µ0, or
µ0, correspondingly. This result suggested that condition
1
s1
+ 1
s2
< 1
may actually imply stability which was later proved for a quite general
setting in [2].
In this note we consider map W0 of type Ws1,s2 with
1
s1
+ 1
s2
= 1 and
show that that eigenvalue 1 is not stable. We do this in a constructive
way. For each perturbed mapWa we show the existence of the “second”
eigenvalue λa,
1− 2ra
1 + 2ra
< λa <
1
1 + 2ra
,
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where r is a constant independent of a. Thus, as a→ 0 the eigenvalues
λa → 1 which shows instability of isolated spectrum of W0. At the
same time, the existence of second eigenvalues close to 1 causes the
maps Wa behave in a metastable way. They have two almost invariant
sets and the system spends long periods of consecutive iterations in
each of them with infrequent jumps from one to the other.
2. Markov Wa maps and their invariant densities
Let s1, s2 > 1 satisfy
1
s1
+ 1
s2
= 1, and r > 0. Let us consider
W -shaped map:
W0(x) =


W0,1(x) := 1− 2s2x, 0 ≤ x <
1
2
− 1
2s1
,
W0,2(x) := s1(x−
1
2
+ 1
2s1
), 1
2
− 1
2s1
≤ x < 1
2
,
W0,3(x) := s2(
1
2
+ 1
2s2
− x), 1
2
≤ x < 1
2
+ 1
2s2
,
W0,4(x) := 2s1(x− 1) + 1,
1
2
+ 1
2s2
≤ x < 1,
and its perturbations, Wa maps with parameter a > 0:
Wa(x) =


Wa,1(x) := 1− 2s2x, 0 ≤ x <
1
2
− 1
2s1
,
Wa,2(x) := (s1 + 2rs1a)(x−
1
2
+ 1
2s1
), 1
2
− 1
2s1
≤ x < 1
2
,
Wa,3(x) := (s2 + 2rs2a)(
1
2
+ 1
2s2
− x), 1
2
≤ x < 1
2
+ 1
2s2
,
Wa,4(x) := 2s1(x− 1) + 1,
1
2
+ 1
2s2
≤ x < 1.
Let τi = W
−1
a,i , i = 1, 2, 3, 4; I0 = [0,
1
2
+ ra]. The Frobenius-Perron
operator (see [1]) associated with Wa is
Paf =
1
2s2
f ◦ τ1 +
1
s1 + 2rs1a
(f ◦ τ2)χI0 +
1
s2 + 2rs2a
(f ◦ τ3)χI0
+
1
2s1
f ◦ τ4
Note that
χI0 ◦ τ1 = 1 , χI0 ◦ τ2 = χI0 ,
χI0 ◦ τ3 = χ[W 2a (1/2), 12+ra]
, χI0 ◦ τ4 = 0 .
(1)
Let I1 = [W
2
a (1/2),
1
2
+ra] whose left end point is W 2a (
1
2
) = Wa(
1
2
+ra).
We will consider only parameters a such that Wa is a Markov map,
i.e., some iterate of 1/2 falls into an endpoint of the defining partition.
Let a satisfy:
(2) Wma (
1
2
+ ra) =
1
2
−
1
2s1
,
where m ≥ 1 is the first time when the trajectory of Wa(
1
2
) = 1
2
+ ra
reaches the partition point 1
2
− 1
2s1
. Note that 1
2
− 1
2s1
= 1
2s2
. The point
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Wa(
1
2
+ ra) is just below the fixed point on the second branch of Wa
and the consecutive images W ia(
1
2
+ ra) decrease until for i = m the
equality (2) is satisfied.
Let us take 1 as the initial function and iterate it using operator Pa.
Let P na 1 be denoted by fn,m. Let
Ii = [W
i
a(
1
2
+ ra),
1
2
+ ra], i = 1, 2, · · · , m.
Because of (2)and (1), after some number of iterations (n ≥ m+ 1),
we have:
fn,m = cn,0+αn,0χI0 +αn,1χI1 +αn,2χI2 + · · ·+αn,m−1χIm−1 +αn,mχIm,
where cn,0 and αn,i (i = 0, 1, · · · , m) are constants. Now, let us look at
the fn+1,m. We have the following proposition.
Proposition 1. (I) cn,0 ◦ τ1 and cn,0 ◦ τ4 are again constant functions,
cn,0 ◦ τ2χI0 and cn,0 ◦ τ3χI0 are the characteristic function χI0;
(II) χI0 ◦ τ1 is constant function, χI0 ◦ τ2χI0 = χI0, χI0 ◦ τ3χI0 = χI1,
χI0 ◦ τ4 is 0;
(III) For i = 1, 2, · · · , m−1, χIi ◦ τ1 and χIi ◦ τ4 are 0, χIi ◦ τ2χI0 =
χIi+1, χIi ◦ τ3χI0 = χI1;
(IV ) χIm ◦ τ1 and χIm ◦ τ4 are 0, χIm ◦ τ2χI0 = χI0, χIm ◦ τ3χI0 =
χI1.
Thus, we have the following proposition.
Proposition 2. for n big enough, fn,m always has the form:
fn,m = cn,0+αn,0χI0 +αn,1χI1 +αn,2χI2 + · · ·+αn,m−1χIm−1 +αn,mχIm,
and


cn+1,0
αn+1,0
αn+1,1
...
αn+1,m

 = Am


cn,0
αn,0
αn,1
...
αn,m

 .
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where (m+ 2)× (m+ 2) matrix Am is given by
Am =


1
2s1
+ 1
2s1
1
2s2
0 0 0 · · · 0 0
1
s1+2rs1a
+ 1
s2+2rs2a
1
s1+2rs1a
0 0 0 · · · 0 1
s1+2rs1a
0 1
s2+2rs2a
1
s2+2rs2a
1
s2+2rs2a
1
s2+2rs2a
· · · 1
s2+2rs2a
1
s2+2rs2a
0 0 1
s1+2rs1a
0 0 · · · 0 0
0 0 0 1
s1+2rs1a
0 · · · 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 0 0 · · · 0 0
0 0 0 0 0 · · · 1
s1+2rs1a
0


.
Since 1
s1
+ 1
s2
= 1, we can simplify the Am to the form
Am =


1
2
1
2s2
0 0 0 · · · 0 0
1
1+2ra
1
s1+2rs1a
0 0 0 · · · 0 1
s1+2rs1a
0 1
s2+2rs2a
1
s2+2rs2a
1
s2+2rs2a
1
s2+2rs2a
· · · 1
s2+2rs2a
1
s2+2rs2a
0 0 1
s1+2rs1a
0 0 · · · 0 0
0 0 0 1
s1+2rs1a
0 · · · 0 0
...
...
...
...
...
. . .
...
...
0 0 0 0 0 · · · 0 0
0 0 0 0 0 · · · 1
s1+2rs1a
0


.
We also need the following proposition.
Proposition 3. Equation (2) is equivalent to:
(s2 + 2rs2a)(s1 + 2rs1a)
m−1 −
m−1∑
i=0
(s1 + 2rs1a)
i =
1
2rs1a
,
or
(3) (s1 + 2rs1a)
m =
1
4r2s22a
2
.
Proof. If
(s2 + 2rs2a)(s1 + 2rs1a)
m−1 −
m−1∑
i=0
(s1 + 2rs1a)
i =
1
2rs1a
,
then
(s1+2rs1a)
m−1 [(s2 + 2rs2a)(s1 + 2rs1a− 1)− (s1 + 2rs1a)] =
s1 − 1
2rs1a
=
1
2rs2a
,
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Thus, we obtain
(s1 + 2rs1a)
m =
1
4r2s22a
2
.
On the other hand, it is proven in [9] that
Wm+1a (1/2)
= −a2(s1 + 2rs1a)
m−1 r(2rs1s2 + 2rs1s2 − 2rs1 − 2rs2) + 4r
3s1s2a
s1 + 2rs1a− 1
+
s1 − 1 + 2rs1a− 2ra
2(s1 + 2rs1a− 1)
.
If equation (2) holds, then
a2(s1 + 2rs1a)
m−1 2r
2s1s2 + 4r
3s1s2a
s1 + 2rs1a− 1
=
s1 − 1
2s1(s1 + 2rs1a− 1)
,
hence,
(s1 + 2rs1a)
m−1 =
1
a24r2s1s22(1 + 2ra)
which is equivalent to equation (3). 
Using Proposition 2, we can find the fixed vector of Am. Let us
denote it by (c, α0, α1, · · · , αm)
T . Then, the fixed function (not neces-
sarily normalized) of Pa is:
g∗m = c+ α0χI0 + α1χI1 + α2χI2 + · · ·+ αm−1χIm−1 + αmχIm ,
where
c =
1
2rs1s2a
α0 =
1
2rs1a
α1 = (s1 + 2rs1a)
m−1
α2 = (s1 + 2rs1a)
m−2
· · ·
αm−2 = (s1 + 2rs1a)
2
αm−1 = s1 + 2rs1a
αm = 1.
It was proven in [9] that after normalization the measures g∗m · L
converge to the measure
1
2r(s1 + s2)(s2 + 2) + 2rs1s22
(
2r(s1 + s2)(s2 + 2)µ0 + 2rs1s
2
2δ1/2
)
,
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where L is Lebesgue measure, µ0 is the absolutely continuous invariant
measure of W0 and δ1/2 is Dirac measure at 1/2.
3. Second eigenvalues for Markov Wa maps
Now, instead for a fixed vector, we will look for an eigenvector cor-
responding to an eigenvalue λ < 1. Denote the eigenvector of Am
associated with λ by (c, α0, α1, · · · , αm)
T . Then, the corresponding
eigenfunction of Pa associated with λ is:
(4) hm = c+ α0χI0 + α1χI1 + α2χI2 + · · ·+ αm−1χIm−1 + αmχIm .
The equation
Amhm = λhm ,
is equivalent to the system
λc =
1
2
c+
1
2s2
α0
λα0 =
1
1 + 2ra
(c+
1
s1
α0 +
1
s1
αm)
λα1 =
1
s2(1 + 2ra)
(α0 + α1 + · · ·+ αm)
λα2 =
1
s1(1 + 2ra)
α1
λα3 =
1
s1(1 + 2ra)
α2
· · ·
λαm−2 =
1
s1(1 + 2ra)
αm−3
λαm−1 =
1
s1(1 + 2ra)
αm−2
λαm =
1
s1(1 + 2ra)
αm−1.
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We can solve this system starting from the last equation. Let αm = 1.
Then,
αm = 1
αm−1 = λs1(1 + 2ra)
αm−2 = λ
2s21(1 + 2ra)
2
· · ·
α2 = λ
m−2sm−21 (1 + 2ra)
m−2
α1 = λ
m−1sm−11 (1 + 2ra)
m−1
α0 = λs2(1 + 2ra)α1 − (α1 + α2 + · · ·+ αm)
= λmsm−11 s2(1 + 2ra)
m −
λmsm1 (1 + 2ra)
m − 1
λs1(1 + 2ra)− 1
=
λmsm−11 (1 + 2ra)
m(λs1s2(1 + 2ra)− s1s2) + 1
λs1(1 + 2ra)− 1
c = λ(1 + 2ra)α0 −
α0
s1
−
1
s1
c =
α0
s2(2λ− 1)
(5)
We have two expressions for c. The system can be solved only if they
are equal. Thus, we obtain equation
λmsm−21 (1 + 2ra)
m(λs1s2(1 + 2ra)− s1s2)
=
λmsm−11 (1 + 2ra)
m(λs1s2(1 + 2ra)− s1s2) + 1
s2(2λ− 1)(λs1(1 + 2ra)− 1)
,
or
λmsm−11 s2(1+2ra)
m(λ(1+2ra)−1) [s2(2λ− 1)(λs1(1 + 2ra)− 1)− s1] = 1 .
We are going to prove that for small a this equation has a solution
1−2ra
1+2ra
< λ < 1
1+2ra
. Let us introduce an auxiliary function
φ(λ) = λmsm−11 s2(1+2ra)
m(λ(1+2ra)−1) [s2(2λ− 1)(λs1(1 + 2ra)− 1)− s1] .
Obviously φ( 1
1+2ra
) = 0. We will show that φ(1−2ra
1+2ra
) > 1 if a is small
enough. We have
φ
(
1− 2ra
1 + 2ra
)
=
(
1− 2ra
1 + 2ra
)m
sm−11 s2 (1 + 2ra)
m
((
1− 2ra
1 + 2ra
)
(1 + 2ra)− 1
)
·
·
[
s2
(
2
(
1− 2ra
1 + 2ra
)
− 1
)((
1− 2ra
1 + 2ra
)
s1 (1 + 2ra)− 1
)
− s1
]
= (1− 2ra)msm−11 s2(−2ra)
−2ra(s2 + 5s1 − 6s1s2ra)
1 + 2ra
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= (1− 2ra)msm−11 s24r
2a2
s2 + 5s1 − 6s1s2ra
1 + 2ra
.
Using (3) we obtain
φ
(
1− 2ra
1 + 2ra
)
=
(
1− 2ra
1 + 2ra
)m
s2 + 5s1 − 6s1s2ra
s1s2(1 + 2ra)
=
(
1− 2ra
1 + 2ra
)m 1 + 4
s2
− 6ra
1 + 2ra
.
Note that if a < 1
2rs2
, then
1+ 4
s2
−6ra
1+2ra
> 1. Furthermore, lim
a→0
1+ 4
s2
−6ra
1+2ra
=
1 + 4
s2
> 1.
Using (3) again, we can represent m as
(6) m =
−2 ln(2s2ra)
ln(s1 + 2s1ra)
,
which gives
φ
(
1− 2ra
1 + 2ra
)
=
1 + 4
s2
− 6ra
1 + 2ra
(
1− 2ra
1 + 2ra
) −2 ln(2s2ra)
ln(s1+2s1ra)
=
1 + 4
s2
− 6ra
1 + 2ra
exp
(
−2 ln
(
1− 2ra
1 + 2ra
)
ln(2s2ra)
ln(s1 + 2s1ra)
)
.
Since lim
a→0
ln
(
1−2ra
1+2ra
)
ln(a) = 0, the argument of exp converges to 0 as
a→ 0. Thus
lim
a→0
φ
(
1− 2ra
1 + 2ra
)
= 1 +
4
s2
.
This proves our claim for a small enough. We proved the following
Theorem 1. Assume that a satisfies (3), for some integer m, i.e.,
Wa map is Markov with W
m+1
a (1/2) =
1
2
− 1
2s1
. For a small enough,
Perron-Frobenius operator Pa has an eigenvalue λa satisfying
(7)
1− 2ra
1 + 2ra
< λa <
1
1 + 2ra
.
The corresponding eigenfunction is given by equations (4) and (5), up
to a multiplicative constant.
Remark 1. Using tedious calculations we were able to show that φ′′ is
positive in a neighbourhood of 1. Since φ
(
1−2ra
1+2ra
)
> 1, φ
(
1
1+2ra
)
= 0
and φ(1) = 1, for small a there is only one eigenvalue in the inter-
val
(
1−2ra
1+2ra
, 1
)
, i.e., λa we found in Theorem 1 is really the “second”
eigenvalue.
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4. Eigenfunction for λa < 1
In this section we take a closer look at the eigenfunction correspond-
ing to the second eigenvalue λa found in Theorem 1. We omit the
subscript “a” to simplify the notation. Let (c, α0, α1, · · · , αm) be the
λ-eigenvector given by (5). We have
αj = λ
m−jsm−j1 (1 + 2ra)
m−j > 0 , j = 1, . . . , m .
Next,
α0 =
λmsm−11 (1 + 2ra)
m(λs1s2(1 + 2ra)− s1s2) + 1
λs1(1 + 2ra)− 1
< 0 ,
since λ(1 + 2ra) < 1 but very close to 1 and using formula (6) we can
show that λm(1 + 2ra)m approaches 1 as m→∞ . As α0 < 0, we also
have
c =
α0
s2(2λ− 1)
< 0 .
The Pa eigenfunction hm, defined in (4), is positive on some interval
Gm = [W
m1
a (1/2), 1/2 + a/4] and negative outside this interval. Since,
as a decreases, more and more of numbers αm, αm−1, αm−2 . . . are nec-
essary to balance α0+c, we have lima→0(m−m1) = +∞. This implies,
that intervals Gm shrink to the point 1/2 as a→ 0.
Since 0 < λ < 1 we have
∫ 1
0
hmdL = 0. Let Km =
∫ 1
0
|hm|dL. The
normalized signed measures 1
Km
hm ·L converge ∗-weakly to the measure
−
1
2
µ0 +
1
2
δ(1/2) ,
where µ0 is W0-invariant absolutely continuous measure and δ(1/2) is
Dirac measure at point 1/2.
As it is described in [4] the presence of the eigenvalue λ close to 1
makes the system behave in a metastable way. The sets A+ = {t :
hm(t) ≥ 0} and A
− = {t : hm(t) < 0} are almost invariant with the
escape rates bounded by − lnλ which is close to 0. This means that a
typical trajectory stays for a long time in A+, then jumps to A−, stays
there for a long time, then jumps to A+, spend there long time, etc.
Despite the small essential spectral radius (equal to max{1/s1, 1/s2}),
the system converges to equilibrium slowly at the rate given by Cλn,
for some constant C.
Fig. 1 shows graphs of normalized functions hm produced using
Maple 13. We used s1 = s2 = 2 and r = 1/4.
a)m = 5, a = 0.14789903570478, λ = 0.8732372308,Km = 3.819456626;
b) m = 7, a = 0.077390319202550, λ = 0.9365803433, Km =
8.987509817.
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Figure 1. Normalized eigenfunctions hm.
Note that the vertical scales of the pictures are very different.
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